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ABSTRACT: An approximate analytical theory is constructed for the optical anisotropy of a circular
weakly bending filament. It is argued that such circles exhibit very nearly dynamical mean local
cylindrical symmetry, despite their inherent curvature. This theory and the corresponding approximate
analytical theory for weakly bending rods are tested by fitting each theory to the results of Brownian
dynamics simulations, in which all of the relevant forces are included. A rigorous derivation is presented
for the force arising from the torsion potential, which couples torsional strain to writhing and crankshaft
motions, and a new more convenient expression is obtained. Simulations of equilibrium trajectories
performed with and without this force show that it has no significant effect on the optical anisotropy of
either circular or linear filaments with parameters appropriate for DNA. However, when large net
torsional strains are introduced into planar circles, this force enormously enhances the rate at which
twist is converted into writhe during the subsequent nonequilibrium trajectories (Chirico, G.; Langowski,
J. Biopolymers 1994, 34, 415—433). The analytical theories give good fits to the simulated anisotropies,
and the ratios of best-fit torsion constants to the input values are relatively close to 1.0. These ratios are
tabulated as correction factors to be applied to best-fit torsion constants obtained by fitting experimental

anisotropy data.

Introduction

Most of our knowledge about the torsion constant
between base pairs, or equivalently the torsional rigid-
ity, of DNA comes from fitting approximate analytical
theory to experimental time-resolved fluorescence po-
larization anisotropy (FPA) decays.! Indeed, practically
all of our information pertaining to the effects of
temperature,?~* NaCl concentration,>6 polyamine bind-
ing,>” antitumor drug binding,? intercalator binding,®~12
overall base composition,»1314 long-range effects of a
(CG)g sequence,’® and supercoiling16-19 on the torsion
constant is derived from such analyses of time-resolved
FPA data. However, alternate methods, that involve
ligating equilibrium populations of small noncovalently
closed circular DNAs, yield torsion constants for N <
250 base pairs (bp) that are about 50% larger than those
typically derived from FPA data on linear DNAs,2022
but for N > 350 bp yield comparable torsion constants.®
The possibility that bending a small DNA (N < 250 bp)
into a circle might substantially increase its torsion
constant was recently tested by means of time-resolved
FPA measurements on both the linear and covalently
closed circular forms of the same 181 bp DNA.?324 The
conclusion of that work, which will be reported else-
where, rests heavily upon the validity of the analytical
theories employed to analyze the data for both the linear
and circular species. The primary objective of the
present work is to develop suitable analytical theory for
the simultaneous twisting and bending of circular
DNAS, so that circular and linear DNASs are treated on
the same footing, and then to perform a critical test of
how well these approximate analytical theories actually
fit the results of Brownian dynamics simulations in
which all of the relevant forces are taken into account.

Until the recent work of Chirico and Langowski,?> the
forces, but not the torques, arising from the torsion
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potential had generally been omitted from Brownian
dynamics simulations. Those authors obtained an
expression for that force and showed that it enormously
enhanced the rate at which a large net twist initially
stored in a planar circle was converted into writhe. The
question arises whether those forces also significantly
affect the rotational dynamics of the molecule along
“equilibrium” trajectories, where the vast majority of
departures from the minimum energy geometry are not
nearly so large. Indeed, current analytical theories are
based on the assumption that the effects of such forces
are negligibly small for equilibrium trajectories. A
second objective of the present work is to determine the
effects of these forces arising from the torsion potential
by comparing Brownian dynamics simulations of the
equilibrium trajectories of small linear and circular
DNAs in the presence and absence of such forces. As
will be seen, the results amply justify the neglect of such
forces in treating the rotational dynamics along equi-
librium trajectories.

As noted by Chirico and Langowski,? their treatment
of the force arising from the torsion potential was not
entirely satisfactory. A third objective of the present
work is to complete a rigorous derivation of that force.
In the process, substantial clarification of certain trouble-
some points is achieved, and a simpler expression of
greater computational convenience is obtained, which
is nevertheless fully equivalent to that of Chirico and
Langowski.

An alternative Langevin dynamics method for simu-
lating linear and circular DNAs was recently proposed
by Schlick and Olson.?¢ In its present form, this method
is unsuitable for quantitative simulations of DNA
dynamics on Brownian time scales, namely, t = 50 ps,
for several reasons, both practical and fundamental. (1)
The force field is altogether inadequate, because it omits
true solvent friction on the chain, as well as all
hydrodynamic interactions between different parts of
the chain. This has the consequence that the predicted
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DNA motions are all largely underdamped and oscilla-
tory in nature. Indeed, the simulations of Schlick and
Olson yield periodic oscillations in all properties exam-
ined out to times as long as 500 ps, which are completely
uncharacteristic of DNA dynamics in solution. The
available experimental evidence indicates that ther-
mally excited Brownian motions of all molecules, in-
cluding DNA, in water on a time scale longer than 50
ps are overdamped and exhibit only monotonic decays
with no coherent oscillations of any kind. Certainly, the
time-resolved fluorescence polarization anisotropy (FPA)
of ethidium intercalated in DNA exhibits only a mono-
tonic decay with no detectable oscillations in experi-
ments with instrumental widths as small as 35 ps (B.
S. Fujimoto, unpublished results). (2) Schlick and Olson
note that in their method larger masses “produce
considerably smaller global movements”. Thus, the
results of their method contradict the two most distinc-
tive and characteristic features of the Brownian regime,
namely, the overdamped character of the motions and
the mass independence of all correlation functions of the
spatial and angular coordinates. (3) Uncertainties
regarding the appropriate masses to be associated with
the control points of the B-spline representation of the
filament may also produce substantial errors in esti-
mated simulation times. Whether due to this mass
uncertainty or to the omission of the true solvent
friction, the time scale for the simulated writhing of a
1000 bp initially twisted circular DNA, namely, t <
(1000) x (50) fs = 50 ps, is 10° times smaller than the
corresponding time scale simulated using Brownian
dynamics,25 which time scale was also confirmed in the
present work (data not shown). It is important to note
that these same Brownian dynamics protocols with
comparable filament parameters yield rather accurate
descriptions of the experimentally observed decays of
the optical anisotropy (defined below) and the dynamic
structure factor. (4) The net torsional strain is assumed
to be always uniformly distributed; hence local fluctua-
tions in torsional strain about the uniform value are
omitted entirely. This has the consequence that the
local torques and forces arising from the torsion poten-
tial do not correspond to those along any actual thermal
trajectory of a real filament, where the torsional strain
is not constrained to be uniform. Although this as-
sumption might allow an approximate simulation of the
dynamics of global motions, it will lead to a highly
erroneous account of the local dynamics, which are
sensed by any small probe attached to the DNA. (5)
The validity of the implicit Euler method employed by
Schlick and Olson to integrate their Langevin equations
of motion, specifically to extend the integration to very
long time steps, has been called into question by Wu
and Watts.“® The latter authors performed extensive
simulations of several systems in order to compare
results of the implicit Euler method with those of
conventional molecular dynamics and conventional
Langevin dynamics, which were obtained by standard
Verlet integration. In the conventional Langevin dy-
namics, the friction factors are related to the fluctuating
Langevin forces by the appropriate fluctuation—dissipa-
tion relation. However, the nonsolvent friction em-
ployed in the implicit Euler method obeys no such
fluctuation—dissipation relation. In the systems that
were examined, the implicit Euler method gave rather
poor results for both equilibrium distributions and
dynamical correlation functions and actually performed
worse for longer time steps than the conventional
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methods. Although the implicit Euler method can be
used effectively as an energy minimizer (with sufficient
friction), as Schlick and Olson have demonstrated, its
validity for dynamics simulations, even for DNA in
vacuo, must be considered doubtful, as Wu and Watts
have shown.

Further development of this Langevin dynamics ap-
proach was recently reported by Ramachandran and
Schlick.5253 The effects of solvent forces on translational
motions were taken into account by enforcing a fluctua-
tion—dissipation relation between the translational
friction factors and the fluctuating Langevin forces.
However, hydrodynamic interactions were still omitted,
and the effects of solvent torques on the twisting
motions of the DNA around its local symmetry axis were
completely neglected. In the original work,?® these
twisting motions were implicitly assumed not to con-
tribute directly to the inertia and kinetic energy of the
filament and, in the recent work,>253 are further as-
sumed not to participate in fluctuation—dissipation
exchanges of torque with the solvent. Trajectories of a
1000 bp DNA were run for a wide range of friction
factors, extending from the underdamped to over-
damped regimes, in order to determine the friction
factor that promotes optimum sampling of the config-
uration space in a relatively short trajectory with a fixed
number of iterations (30 000). This optimum friction
factor yields a translational diffusion coefficient (D)
that is about 700 times larger than the corresponding
experimental value. It was proposed to simultaneously
“scale” both the friction factor and (mass-scaled) simula-
tion time step (20 ps) upward by a factor of 700, in order
to reduce the simulated Dt value into the experimental
range. Thus, each time step of the simulation was
“calibrated” to be equivalent to 14 ns of real time motion
of a diffusing DNA. However, this time step calibration
reveals an essential limitation of these simulations. In
order to satisfactorily simulate a particular motion by
simple Langevin dynamics, the relaxation time, or time
step, of the fluctuating force must be at least 20-fold
smaller than the time scale of the motion itself. In fact,
considerable reorientation of the base pairs due to
twisting and bending of a real DNA occurs between 0.5
and 14 ns.! Evidently, the time steps of Ramachandran
and Schlick are much too long (for stationarity of the
forces and torques that are responsible) for these 0.5—
14 ns motions, and are generally unsatisfactory for any
motions that occur in less than about 280 ns. In order
to provide precise dynamical information over the 0.5—
120 ns time range that is accessed by time-resolved FPA
experiments, the calibrated time step would have to be
reduced from 14 ns to 25 ps, a 560-fold decrease. In
addition, local twisting coordinates would have to be
explicitly treated (i.e., simulated) in order to admit
nonuniform twist and incorporate solvent friction on the
torsional motions, which provide the bulk of the angular
displacements on the 0.5—120 ns time scale. Finally,
the number of control points would have to be substan-
tially increased to provide adequate spatial resolution
of the bending motions. Thus, the calibrated results of
Ramachandran and Schlick®253 provide only a rough
gualitative and semiquantitative picture of the dynam-
ics of the slowest and largest scale motions of the DNA.
Due to the omission of hydrodynamic interactions, their
results are not only imprecise, but do not scale properly
with DNA size, when the friction factor and time step
are held constant. A comparison of the results obtained
by implicit Euler and standard verlet integration meth-
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ods indicated good agreement with regard to certain
properties, including writhe. However, a significant
difference in average screened Coulomb potential im-
plies that the two methods do not yield the same
distributions of intersegment distances. Clearly, con-
siderable further development of the Schlick—Olson and
Ramachandran—Schlick approaches is required in order
to treat the Brownian dynamics of DNA in solution in
a realistic and quantitative manner, especially over the
relatively short times accessed in FPA experiments.

The Models

The DNA is modeled by a chain of N identical rigid
subunits, each of which has length b and is connected
to its neighbors on either end by combined twisting and
bending springs. The subunits are labeled sequentially
by the index j, j = 1, 2, ... N. In the circle, the Nth
subunit is connected to the first in order to close the
loop. The linear filament contains N — 1 bond vectors
(bj, j =1, ... N — 1) and sets of springs between subunits
whereas the circle contains N bond vectors and sets of
springs. When analyzing experimental data on real
DNAs, it is assumed that the number of subunits is
sufficiently large that such differences do not signifi-
cantly affect the comparatively long wavelength dynam-
ics that are manifested in the optical anisotropy. A
coordinate frame (X;, yy, z;) is fixed in each subunit j such
that z; is parallel to b;, and xy, y; are perpendicular to
b;. The chromophore is assumed to be part of a
particular subunit, for example, the jth, so its rotations
reflect those of the jth subunit. Of course, any ad-
ditional rotations of the chromophore within its confin-
ing potential in that subunit are superposed upon the
subunit motion.127

For any chromophore attached to a molecule in a fluid
with an isotropic equilibrium state, the optical anisot-
ropy is given by'28

r(t) = (1s)P,(0(0)-(H)0 1)

where Q(t) is the instantaneous unit vector along the
transition dipole of the chromophore, which is here
assumed to be the same for both absorption and emis-
sion events. The ensemble average in eq 1 can be
replaced by the appropriate average over all possible
“initial” times along a temporal trajectory of the “equi-
librium” system. Indeed, r(t) is actually evaluated in
this manner from the succession of configurations along
a Brownian dynamics trajectory, as described below.
The potential energy of the simulated model filament
consists of bending (Uy,), torsion (Uy), stretching (Us), and
excluded volume (Ugy) terms, as described in Appendix
A, where convenient expressions for the forces and
torques resulting from these potentials are presented
and/or derived. Of particular interest here are the forces
arising from the torsion potential, which vanish for
straight filaments, but cause bent segments to writhe
in the presence of uniform torsional strain, and to
undergo crankshaft motions in the presence of nonuni-
form torsional strain. By performing simulations in the
presence and absence of this force, its effects on the
dynamics can be ascertained, as described subsequently.
The present derivation of this force improves on the
earlier derivation of Chirico and Langowski?® in three
main respects. First, the question of which variables
constitute a proper set of independent coordinates for
the Brownian dynamics algorithm is clearly answered.
As shown by Chirico and Langowski,?® the infinitesimal
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subunit z-axis rotations {0R;, j = 1, ... N} are neither
necessarily nor automatically independent of the infini-
tesimal subunit translations {6rj, j = 1, ... N}. The
independence of such coordinates was simply assumed
in that work. In fact, the infinitesimal z-axis rotations
are independent of the infinitesimal translations only
when the rotations of the subunit coordinate frames in
response to such translations are carried out in such a
way that {0R;; =0, j =1, ... N} as is done in the present
work. Second, the constraints {0R; =0, j =1, ... N}
are explicitly enforced here from the outset when
calclating the gradient of U; with respect to the {Jrj, j
=1, ... N}, in contrast to the implicit imposition of the
same constraint in the final step of the gradient calcula-
tion by Chirico and Langowski. Third, the present
derivation yields a much simpler and considerably more
computationally convenient expression for these forces,
which is nevertheless completely equivalent to that of
Chirico and Langowski.

The analytical theory is based on the time-average
cylindrical symmetry (or near symmetry) of the under-
lying dynamics.128 The linear filament exhibits mean
local cylindrical symmetry, such that [Aj(t)20= [Ay;(t)20)
where [A(t)?Cand [Ay;(t)?Care the mean-squared angu-
lar displacements of the jth subunit around its body-
fixed xj- and yj-axes, respectively, in time t. For any
filament that satisfies this condition and at the same
time moves in a solution with an isotropic equilibrium
state, the optical anisotropy of a chromophore attached
to the jth subunit is given by1.28

ri(H)= 471Y3%,(2;(0)) Y(Q;(t))0
2
= () S 1,(t) F(t) C(1) )

n=

where Qj(t) is the instantaneous solid angle orientation
of the transition dipole of the chromophore in the
laboratory frame. The twisting correlation function is
given by128

Cy(t) = exp[—n” [A,(t)*12] (3)
and the tumbling correlation function is given by'28
Fa(t) = exp[—(6 — n?)[A,(t)*12] 4)

where [A,(t)20is the mean-squared angular displace-
ment of the jth subunit around its zj-axis. The internal
correlation functions, I,(t), depend on the orientation of
the transition dipole within the subunit and also reflect
any rapid local motions of the chromophore with respect
to the subunit frame. In the present test of analytical
formulas against Brownian dynamics simulations, the
chromophore transition dipole is assumed to be com-
pletely immobile with respect to the subunit. In that
case, the I, are given by the well-known trigometric
expressions:128 1o = ((3/2) cos?(ep) — 1/2)?; 11 = 3 cos?(eq)
sin?(e); 12 = (3/4) sin* €y; where ¢ is the polar angle
between the local symmetry axis, zj, and the transition
dipole.

Theoretical arguments presented in Appendix B
indicate that the circular chain also exhibits dynamical
mean local cylindrical symmetry to a satisfactory level
of approximation. For the circular chain all subunits
are equivalent. Itis shown in Appendix B that, for the
j = 1 subunit, A (t)?0O= [Ay(t)°0) provided two condi-
tions are met. First it is required that D, = Dg, where
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Dy and Dg are the diffusion coefficients for uniform
(rigid-body) rotation of the circle around its own sym-
metry and transverse axes, respectively. For the cir-
cular model filament considered here, this condition (D
= Dp) is very nearly satisfied. Second, it is required
that in-plane bending of the circle makes nearly the
same contribution to the mean-squared angular dis-
placement of by around its transverse out-of-plane y;-
axis as does out-of-plane bending to the mean-squared
angular displacement of b; around its transverse in-
plane xj-axis, as shown in Appendix B. Under these
conditions, then, (A (t)2[= Ay ()20 and eqs 2—4 apply,
despite the persistent bend of the line of local zj-axes of
the subunits comprising the circle.

In the analytical theory, the stretching and excluded
volume potentials are omitted. The actual DNA is
highly inextensible, so the stretching force constant
should be quite large and the effects of stretching quite
small in that case. For the short chains considered here,
when the linking difference (defined below) vanishes,
there is no significant overlap of “excluded” volumes
even in the absence of excluded volume forces. Conse-
quently, those forces also should have no significant
effect on the dynamics. Of potentially greater signifi-
cance is the fact that the forces (but not the torques)
arising from the torsion potential are also omitted from
the analytical theory. The validity of that approxima-
tion can be judged from the results of Brownian dynam-
ics trajectories run in the presence and absence of such
forces, which reveal no significant effects of those forces
in either the linear or circular DNAs at equilibrium, as
will be shown. Thus, in the analytical theory the direct
forces that act to translate the subunits arise exclusively
from the bending potential, which governs [A;(t)20)
whereas the torques that act to rotate the subunits
around their own zj-axes either in the analytical theory
or in the simulations arise exclusively from the torsion
potential, which governs [A(t)?0

The Brownian Dynamics Protocol. The Brownian
dynamics procedure is based on the Ermak—McCam-
mon algorithm,?® as adapted to discrete wormlike chains
by Allison and co-workers,3%31 and is similar to that
described previously.32 Each Brownian “move” during
the time interval At consists first of small subunit
rotations around their own zj-axes with no subunit
translations, followed by small subunit translations with
no subunit rotations around their own zj-axes. A
complete update of the Euler angles that orient each
subunit frame in the lab frame is undertaken only after
these two half-steps of each Brownian move are com-
pleted.

In the first half-step of each Brownian move, the
subunit rotations (0R;(At)) around their zj-axes are
determined according to the relation

OR,i(At) = D, T;(t) At/(kgT) + f;(At) (5)
wherein D/kgT = 1/y is the mobility, or reciprocal
subunit friction factor, for azimuthal rotation around
its symmetry axis, and Ti(t) = g(¢ii+1 — ¢i-1,), Where
¢jj+1 = 04j,j+1 T yjj+1 is the net twist of the Euler rotation
from the jth to (j + 1)th frame (cf. eq A36 in Appendix
A). The fluctuating displacement fi(t) is a small random
scalar chosen so that

HAYC=0, i=1,..N (6a)
i(At) f(At)[= 2D, Ato;;, alli, j (6b)
The protocol for generating N random scalars with the

requisite mean and covariance was described previ-
ously.3?
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After the subunit rotations around their z;-axes are
determined, the unit vectors f; along x; and v; along y;
must be updated, subject to the constraint that no
subunit positions are changed. This constraint will be
satisfied provided the rotations around the subunit x;-
and yj-axes all vanish, that is, {0Rxi = 0, 6Ryi = 0; i =

1, ... N}. When only the {6R,, i = 1, ... n} are
nonvanishing, eqs A26 and A27 indicate that
of; = 0R,v; (7a)

which are equivalent to the relations employed previ-
ously.32 These small corrections are added to f; and v;,
respectively, and the resulting vectors renormalized.

In the second half-step of each Brownian move, the
subunit translations are determined according to the
relation,

N
ri(t+ At) — ry(t) = ZDij(t) F;(t) AUkgT + S;(At) (8)
&

wherein Fj(t) is the total force on the jth subunit, which
is given by

Fi(t) = (Fe(D); + (Fo(D); + (Fu(D); + (F(1);  (9)

where (Fex(t); is the force due to the excluded volume
potential, which is given in eq A8, (Fs(t)); is the force
due to the stretching potential, which is given in eq A9,
(Fo(t)); is the force due to the bending potential, which
is given in egs A12—A14, and (F(t)); is the force due to
the torsion potential, which is given in egs A33 and A34.
The instantaneous mobility tensor is given for nonover-
lapping subunits by

Di/kgT =
(U8mna)[l + ity + 2@%r)(A/3 — ], i =
1/67a, i=]
(10a)
and for overlapping subunits by
_ 9 h) 3 Nl
Dij/ksT = (1/6na) (1 32 a 1+ 32 ar, (10b)

wherein a is the subunit hydrodynamic radius for
translational motion, fj; = rj/|r;j]| is a unit vector along
rij=ri—rj 1 =XX+ 9y + 22 is the unit tensor, and »
is the solvent viscosity.3334 The fluctuating displace-
ment S;(At) is a small random vector chosen such that

B(A)C=0, i=1,..N (11a)
[5,(At) S,(AY)C= 2D, (1) At, alli,j  (11b)

The protocol for generating random vectors with the
requisite mean and covariance was described previ-
ously.29:35

After the subunit translations in a given step are
determined, the unit vectors fj, vj, uj along the subunit
Xj, Vi, Zj axes, respectively, are updated as follows. The
new unit vector, uj(t + At) = (rj(t + Av)/|r;j(t + At)],
and the change, ou; = uj(t + At) — uij(t), are calculated.
The changes du;j are sufficiently small that they are to
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first order perpendicular to uj(t). When the subunit
rotations around their zj-axes are required to vanish,
we have from eqs A26 and A27 that

of; = —0R;u; = —(0u;f/lu;u; = —(du-fHu; (12a)

which are equivalent to the corresponding relations
employed previously.?>32 In practice, after 6f; is com-
puted according to eq 12a, it is added to fj, and the
resultant is multiplied (scalar product) by (1 — u;(t +
At) uj(t + At)), to project out any component parallel to
uj(t + At), and finally renormalized to obtain fj(t + At).
Then the final unit vector is calculated according to v;j(t
+ At) = uj(t + At) x fij(t + At).

After the unit vectors, fj, vj, u;, and bond lengths, |bj|
= |rj+1l, are determined following each complete Brown-
ian move, the frame-to-frame Euler rotations, ®jj+1 =
(0y,j+1 Bij+1 vij+r) that orient the frames of the (j + 1)th
subunits in the frames of the jth subunits are deter-
mined according to the relations

B;j+1 = arccos(uj,4-uy) (13a)

_Joe, ifujytv; >0
o= {—(xc, if U,V < 0 (13b)
where ac = arccos(uj+1-fj)/sin §j;+1) is the value in the
interval 0 < a < & returned by the computer. In
addition,

_Jloe+y)e, ifsin(@+y)>0
ar _{_(a+;/:)C! ifsin(a+y)<0} (13c)

where (a + y)c = arccos[(fi-fi+1 + Vi*Vir)/(1 + Ui-Uit+1)]
is the value in the interval 0 < a + y < & returned by
the computer, and sin(a + y) = sin[(fi-fix1 — Vi-viz1)/(1
+ Uui‘uiy1)]. The value of y is determined by the
difference, y = (o + y) — a.

The calculations presented here were performed using
the first-order algorithm outlined above. However, a
comparison of the results of both first- and second-
order3® algorithms was made and for the present
examples revealed no significant differences either in
results or in computational efficiency. The time step
employed in the simulations presented here was At =
25 ps.

The Brownian dynamics simulations were checked in
several ways. (1) The results were demonstrated to be
independent of the size of the time step. (2) The mean
potential energies of the twisting, bending, and stretch-
ing springs during the simulations were evaluated.
After subtracting any contributions from uniform strains,
the results were found to match the predicted equipar-
tition values from equilibrium statistical mechanics. (3)
For linear DNAs, the distribution of end-to-end dis-
tances and the mean squared end-to-end distance dur-
ing the simulation were determined and shown to
closely match those of the initial distribution, which
were determined by equilibrium Monte Carlo simula-
tions. (4) For 30-subunit circular DNAs with linking
difference, Al = 3, the writhes of different configurations
during the simulation were computed according to the
discretized Gauss integral,3”
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N N

W= i ; JZ(bj x Byrb)/ |yl (14)

1Z=]

and averaged. This mean writhe was compared with
that obtained by an equilibrium Monte Carlo simula-
tion38 of a circular chain containing the same number
(N = 30) of subunits of the same size with the same
twisting and bending potential, a hard-cylinder poten-
tial with the same diameter o, fixed bond lengths b, and
the same linking difference Al. For small circles with
such modest writhe, the details of the intersubunit
repulsive potential are practically without consequence.
Very good agreement between the two writhes confirms
that the Brownian dynamics simulation yields the
correct equilibrium writhe. (5) The excess twist was
also calculated for different configurations during the
simulation, according to

N
At= Z(aj,j+l + i+~ o) (15)
=

The sum of the excess twist (At) and the writhe (w) was
found to remain constant (within significant simulation
errors) and in good agreement with the linking differ-
ence according to the topological relation,

Al = At +w (16)

In fact, Al =1 — lp, where | is the integral linking
number, or number of turns of one strand around the
other, and lp = N¢y is the intrinsic twist. When the
simulation is initiated with a planar configuration, for
which w = 0, as is the case here, then (Al)y = (At), for
that initial configuration. It should be noted that eq
15 is never imposed as a constraint during the Brownian
dynamics simulation. Instead, its satisfaction is a test
of the trigometric manipulations employed during the
simulation.

The Analytical Theory. The model treated by the
analytical theory differs in three main respects from the
model simulated by the Brownian dynamics algorithm.
(i) All stretching forces are omitted. In effect, the DNA
is assumed to have a fixed contour length. (ii) All
intersubunit repulsions are omitted. This is without
consequence for such short DNAs with Al = 0. (iii) The
forces (as opposed to torques) arising from the torsion
potential are omitted. This omission decouples fluctua-
tions in twist from fluctuations in writhe. As shown
below, these forces due to the torsion potential have no
significant effect on the optical anisotropy decays of
either the linear or circular model filaments at equilib-
rium, although they enormously enhance the rate at
which a planar circular model filament with nonzero
net torsional strain evolves to its equilibrium structure,
as shown previously be Chirico and Langowski?> and
confirmed in the present work.

Analytical expressions for [A(t)?Cfor linear:28:3° and
circular® model filaments were given previously. In
either case, the results can be expressed as

N
[A,;(t)°0= 2Dt + ZZQj,de(l —-e' 7

where D, is the diffusion coefficient for uniform rotation

around the subunit symmetry axis, d,2 is the mean-
squared amplitude of the Ith normal mode, 7, is the
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relaxation time of that same normal mode, and Qj; is
the projection of the Ith normal mode onto the jth

subunit. For linear DNAs,12829 D, = kg T/Ny, where y
is the subunit friction factor for azimuthal rotation, and

d? = kg T/(4a sin®((I — 1)7/2N)) (18)
7, = yl(4a sin?((1 — 1)7/2N)) (19)
Q;° = (2IN) cos?((j — *,)(I — 1)a/N)
For circular DNAs,* D, = (kg T/Ny) + Dgr, where Dg =

(13)(Dy + 2Dp) is the diffusion coefficient for uniform
tumbling of the circle, and

d;? = kg T/(4o sin?((I — 1)7/N)) (20)
7, = yl(4o sin®((1 — 1)7/N)) (21)
Q) =1N (22)

where a is the torsion constant between subunits. For
a circular DNA, D, must be augmented by Dy = Dg,
because both uniform spinning of the DNA around its
local z-axis at fixed orientation of the circle and uniform
rotation of the circle around an in-plane axis parallel
to b; contribute as independent Gaussian random
processes to increase [A(t)’L) Also, for the circular
DNA, Qji and [A,j(t)20are independent of the particular
subunit j, as expected.

An analytical expression for [A,(t)20Owas given previ-
ously*! for a linear weakly bending rod, and a corre-
sponding expression for a weakly bending circular
filament is derived in Appendix B. In either case, the
result can be expressed as

N
[A4(©)*0= 2Dgt + 2(b/P) § (Sj1,, — S;)°(1 —e™™)
=h

(23)

where I; = 3 for linear molecules and I; = 2 for circles,
Dr is again the diffusion coefficient for uniform tum-
bling, b is the fixed rise per subunit, or bond-vector
length, P = «4b/kgT is the persistence length, and S;; is
the projection or the Ith normal displacement mode onto
the jth subunit. By similarity transformation, the
matrix S diagonalizes the dynamical matrix HD, where
D is the force constant matrix and H is the hydrody-
namic interaction matrix. That is,

(S'HD S);n = Ay (24)

where the A, | = 1, ... N, are eigenvalues of the HD
matrix. The relaxation time of the Ith bending normal
mode is given by*!

T, = 0%k TPA,)) (25)

where f = 6ztya is the friction factor for bead translation,
and a is the subunit hydrodynamic radius for transla-
tional motion. The A, and S;; are determined numeri-
cally from the HD matrix using the protocol (and
normalization) described previously.*! Explicit forms for
D and H for linear DNAs were presented previously,*!
and for circular DNAs are presented in Appendix B. The
matrix D depends only upon N and connectivity. When
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a = b/2, as assumed henceforth, both H and HD also
depend only upon N and connectivity.

Averaging over Subunits. The mean anisotropy
was computed by averaging the anisotropies of the
individual subunits according to r(t) = (1/N)sz:1rj(t).
This averaging was performed for the Brownian dy-
namics simulations and was also performed in the
analytical theory that was fitted to the simulated data.

Selection of Parameters. For the present tests, we
take N = 21 subunits and b = 31.8 A, which corresponds
to 9.35 bp per subunit. The overall length then corre-
sponds to 196 bp. In treating the tumbling and bending
motions, each subunit is regarded as a sphere with
hydrodynamic diameter 2a = b = 31.8 A. In the case
of small linear DNAs, contiguous spheres of this size
are known to give Dg values in good agreement with
those measured for real DNAs with the same contour
length, and also with those calculated for completely
rigid cylinders with the same contour length and a 12.5
A radius by the theory of Tirado and Garcia de la
Torre.#243 However, in treating azimuthal rotation
around its local symmetry axis, each subunit is regarded
not as a sphere, but as a cylinder with a hydrodynamic
radius ro,; = 12 A, and its friction factor is taken to be
y = 4nbare® = 5.75 x 10722 dyne cm s. This value of
the hydrodynamic cylinder radius was measured for
DNAs containing 43—69 bp.#4+51 The temperature is T
= 293 K, and the solvent viscosity is # = 0.01 P,
corresponding to water at 20 °C. The bending constant
kg is chosen to give our current best guess for the
dynamic persistence length, P = 1500 A.114 The angle
between the transition dipole and the local z-axis is ¢
= 71.5°, which is within the acceptable range.1?”

In the Brownian dynamics simulations, the stretching
force constant is taken as q = 1000 kgT/bg? = 400 dyne
cm~1. The parameters of the repulsive Lennard-Jones
potential are ¢ = 35 A and ¢ = 0.0385kg T = 1.56 x 10715
dyne cm. In addition, the linking difference is taken to
be Al = 0.

In the analytical theory the value of the uniform
rotational diffusion coefficient for the linear model
filament is taken to be Dr = 4.34 x 10° s™1. Counting
the half-subunits at both ends, the linear filament has
an effective contour length, L = (21)(31.8) = 668 A,
which corresponds to 196 base pairs, as noted above.
This Dg value was obtained by interpolating the experi-
mental data of Elias and Eden*® to 196 base pairs, and
then scaling by (293/277)(0.016/0.01) to 20, w conditions.
This experimental value is believed to be the best
available estimate of Dg for the equilibrium ensemble
of variously bent chains. Analysis of the simulated data
were also performed using a 10% smaller value of Dg,
which caused less than a 1% change in the best-fit a
values. For the circular model, the value of the uniform
rotational diffusion coefficient is taken to be Dg = 2.07
x 10°% s71. This value is calculated according to Dr =
(1/3)(D|| + 2Dp), wherein D, = 1.98 x 105 st and Dg =
2.12 x 105 s71 are calculated using the theoretical
expressions of Yamakawa and Yamaki.*¢ The ratio D)/
Dg = 1.07 is sufficiently close to 1.0 that the assumption
of mean local cylindrical symmetry is approximately
obeyed in this regard.

Simulations of the optical anisotropy were performed
for several values of the torsion constant a. For
purposes of comparison, the actual torsion constant
between the present subunits (o) is converted to the
equivalent torsion constant between base pairs that
yields the same torsional rigidity, that is, o = (31.8/
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3.4)0p. Simulations were performed for a = 2, 3, 4, 5,
5.88 and 8.88 x 10712 dyne cm.

Random Number Trajectories. Simulated trajec-
tories in the presence and absence of the force arising
from the torsion potential were performed using the
same “trajectory” of random numbers for the fluctuating
displacements, fij(At) and Sj(At), i = 1, ... N, over the
successive time intervals At. Hence, statistical errors
in the simulation make no contribution to any differ-
ences between such trajectories in the presence and
absence of that force.

Analysis of Simulated r(t) Data. The analytical
theory is fitted to the simulated r(t) data by an iterative
nonlinear least-squares procedure, which is similar to
that employed in our data analysis program. The only
adjustable parameter is the torsion constant a, since
the initial amplitude is fixed at r(0) = 0.4 in this case.
The simulated data in each case are fitted over two time
spans, namely, 0—50 and 0—100 ns. The best-fit torsion
constants for these two time spans are then averaged
to obtain the final value. This protocol is similar to that
followed in the analysis of experimental anisotropy
data.l

Results and Discussion

Effects of Forces Arising from the Torsion Po-
tential. A comparison of optical anisotropy (r(t)) data
that were simulated in the presence and absence of the
forces ((F(t);, j = 1, ... N) arising from the torsion
potential, but with the corresponding torques always
present, is displayed in Figure 1. In the case of either
linear or circular DNAs, the data from the two simula-
tions agree extremely closely. Evidently, these forces
from the torsion potential exert a negligible effect on
the orientational dynamics of equilibrium trajectories
over the time span examined. In contrast, when the
system begins very far from equilibrium, for example,
as a planar circle with a nonvanishing linking differ-
ence, the initial rate of equilibration of the writhe
depends very strongly on the presence of forces arising
from the torsion potential. This was demonstrated by
Chirico and Langowski?®> and confirmed also in the
present work (data not shown). Our results for the
evolution of the writhe along such a trajectory closely
resemble those in Figure 7 of ref 25. Thus, despite the
substantial effect of such forces in the initial writhing
of a planar circle with net torsional strain, they have
virtually no influence on the optical anisotropy along
an equilibrium trajectory. The omission of such forces,
then, from the analytical theory is not expected to
produce significant errors in the analysis of typical FPA
data, which represent equilibrium trajectories.

Test of the Analytical Theory and Data Analysis
Protocol on Simulated Data. The analytical theories
give rather good fits to the r(t) data from simulations
in which all forces are included. Typical comparisons
of the best-fit analytical curves with the simulated data
for linear and circular DNAs are presented in Figures
2 and 3, respectively. Clearly, the analytical theories
with the best-fit torsion constants closely follow the
simulated r(t) curves for both species. Average best-fit
torsion constants (from the 0—50 and 0—100 ns time
spans) are listed in Table 1 along with the ratios, oin/
apf, Of the input to average best-fit torsion constants in
each case. The important point is that these ratios are
fairly close to 1.0. This further demonstrates the good
agreement between the analytical theories and the
simulations. Such ratios are the correction factors, by
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Figure 1. Simulated optical anisotropy r(t) vs time t. The
upper pair of curves pertains to circular DNA, and the lower
pair pertains to linear DNA. Upper and lower solid curves
are results of Brownian dynamics simulations that include the
force arising from the torsion potential. Upper and lower
dashed curves, which are partially or entirely obscured by the
solid curves, are the results of Brownian dynamics simulations
that omit the force arising from the torsion potential. Simula-
tions apply to chains consisting of N = 21 subunits of length
b =31.8 A, which corresponds to 196 bp. The torsion constant
between subunits, og = 6.29 x 10713 dyne cm, corresponds to
a torsion constant between base pairs, o = 5.88 x 1072 dyne
cm. Other parameters are the dynamic persistence length Py
= 1500 A, subunit (sphere) hydrodynamic radius, a = 15.9 A,
subunit translational friction factor, f = 6zpa = 3 x 1078 dyne
cm~t s, subunit (cylinder) hydrodynamic radius, re, = 12 A,
and friction factor for azimuthal rotation of a subunit y =
4dybrre? = 5.75 x 10722 dyne cm s. The temperature is T =
293 K, and 7 = 0.01 P. The angle between the transition dipole
and the helix axis is ¢ = 71.5°. The stretching force constant
is g = 400 dyne cm™%, and the parameters of the excluded
volume potential are o = 35 A and ¢ = 1.56 x 105 cm. The
linking difference of the circle is Al = 0. For the linear DNA,
Dr = 4.34 x 10* s71, and for the circular DNA, Dg = 2.07 x
105 st

0.4
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Figure 2. Comparison of simulated and best-fit theoretical
values of the optical anisotropy for the linear DNA. (Top) r(t)
vs t. The solid curve is the simulated data with oo = 5.88 x
10~*? dyne cm, and the dashed curve is the best-fit theoretical
model function with a = 5.14 x 1072 dyne cm. Other
parameters are as indicated in the legend of Figure 1.

(Bottom) Difference between the simulated and best-fit theo-
retical curves.

which the best-fit torsion constants obtained from the
analysis of experimental r(t) data should be corrected
in order to obtain the best possible values. Such o
values are the best estimates of those that would have
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Table 1. Comparison of Average Best-Fit and Input Values of the Torsion Constant a

linear DNAs circular DNAs
input o best-fit a2 correction input a best-fit a2 correction
p p

(dyne cm) (dyne cm) factor® (dyne cm) (dyne dm) factor?
2.00 x 10712 1.91 x 10712 1.05 2.00 x 10712 2.09 x 10712 0.957
3.00 x 10712 2.82 x 10712 1.06 3.00 x 10712 3.09 x 10712 0.971
4.00 x 10712 3.772 x 10712 1.08 4.00 x 10712 4.07 x 10712 0.983
5.00 x 10712 4.61 x 10712 1.08 5.00 x 10712 5.02 x 10712 0.996

5.88 x 10712 5.38 x 10712 1.09 5.88 x 10712 5.83 x 10712 1.01

8.82 x 10712 8.46 x 10712 1.04

a Average of best-fit a values obtained by analyzing the simulated data over two time spans, 0—50 and 0—100 ns. P Correction factor

is the ratio, ain/apy, Of input to average best-fit values.
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Figure 3. Comparison of simulated and best-fit theoretical
values of the optical anisotropy r(t) for a circular 196 bp DNA.
(Top) r(t) vs t. The solid curve is the simulated data with oo =
8.82 x 1072 dyne cm, and the dashed curve is the best-fit
theoretical model function with o = 8.20 x 1072 dyne cm.
Other parameters are as indicated in legend of Figure 1.
(Bottom) Difference between the simulated and best-fit theo-
retical curves.

been obtained, if the data had been fitted iteratively by
Brownian dynamics simulations of very high statistical
precision instead of by the less complete analytical
theory. The comparatively good agreement in the case
of the small circles provides some justification for the
approximations made in the analytical treatment of the
circular filaments.

This is the first quantitative test of our analytical
theory for the simultaneous twisting and bending
dynamics of a mode filament against a full Brownian
dynamics simulation containing all of the relevant
forces. The high quality of the fits and the relatively
close proximity of the ajn/aps ratios to 1.0 inspire some
confidence that fairly precise torsion constants can be
extracted from experimental data for small linear and
circular DNAs by fitting the analytical theory to the
data, and then scaling the best-fit torsion constant by
the appropriate correction factor ajn/opr. Of course, this
is all predicated on the presumption that the dynamic
bending rigidity, or dynamic persistence length,141.47 of
the DNA is known. In this work, we have employed
our current best guess (P = 1500 A) for that quantity,4
but that issue is by no means completely resolved for
either linear or small circular DNAs.

The origin of the small discrepancies between the
best-fit and input torsion constants is not known with
certainty, but two possibilities should be mentioned.
First, the analytical treatment of the bending dynamics
is already approximate for the linear DNA, and even
more so for the circular species. Second, stretching

springs are incorporated into the Brownian dynamics
simulations, but not into the analytical theory. Whether
either of these differences between the analytical theory
and the simulations could account for the observed
slight discrepancies between the best-fit and input
values of the torsion constant is a matter for future
study.
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Appendix A. Forces and Torques for the
Brownian Dynamics Algorithm

Coordinate Frames. A coordinate frame defined by
the unit vectors (fj, vi, u;) is fixed in each subunit i, i =
1, 2, ... N, of the chain. The local z;-axis, namely, u; =
bi/|bi|, is chosen to lie along the bond vector (b;) from
the ith to (i + 1)th subunit. The local x;- and yj-axes
are perpendicular to u; and to each other and are
parallel to f; and v;, respectively. The coordinate frames
in successive subunits are chosen so that, when the
twisting and bending potential energy of the j—(j + 1)
“springs” both vanish, the fi11, vit1, Ui+ are parallel to,
respectively, the fi, vi, ui. Though not needed in the
present treatment, in the event that the bending
potential is anisotropic, so the filament bends like a
ribbon, fj is chosen to lie in the plane of the ribbon, and
Vi = Uj X fi.

Potential Energy. The potential energy of the
model filament is assumed to be given by

U=uU, + U, + U, + U, (A1)
wherein the bending potential is given by

N
U, = (c02)S B i1d” (A2)
b B JZ i+l

where fjj+1 is the angle between u; and uj+1. The
torsion potential is given by

N
U, = (g/Z)Z(aj,j+l + Vi~ ¢o)2 (A3)
E

N
=(9/2)) (41 — ¢ (A4)
; Jt1 0

where ¢ j+1 = ajj+1 + yjj+1 is the net twist from the jth
to the (j + 1)th subunit, and ¢y is the intrinsic succession
angle. The stretching potential is given by
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N
U, = (@2) (b = b)? (A5)
A"

where b; = |b;j| and b is the intrinsic bond length. The
excluded volume potential is given by

Uee= (1) S V(i = 1) (A6)
1=]
viy =& =[] wnenr <ol )

0, whenr > o

The quantities kg and g are the torque constants for
bending and twisting, respectively, and q is the force
constant for stretching. In this work the Lennard-Jones
diameter is taken to be 0 = 35 A,

The potential energy depends only upon various
relative coordinates of the subunits, in other words,
upon the internal configuration of the chain, and is
completely independent of the position and overall
orientation of that chain in the laboratory frame.

Coordinates. Infinitesimal displacements of the
chain from its current position are completely specified
by the 4N independent infinitesimal coordinates, {(or).,
ORz; 1 = 1, ... N}, wherein 0R; is an infinitesimal
rotation of the ith subunit around its own body-fixed
zi-axis, and (Jrj). is an infinitesimal translation of the
ith subunit subject to the constraint that none of the
subunits are rotated around their own z-axes. This
constraint is required to ensure that the (dri). and 0R;;
actually vary independently. These coordinates must
also be infinitesimal (very small in practice) so that the
rotations {0Ryi, O0Ryi;; i = 1, ... N} induced by the
translations [(drj), i = 1, ... N} commute with the {R;,
i = 1, ... N}, in which case the order of making the
{(0ri),, 1 =1, ... N} and the {R4, i = 1, ... N} displace-
ments has no effect. The Brownian dynamics moves
consist alternately of subunit rotations around their own
z-axes with absolutely no translations (i.e., {0R, i = 1,
... N}) followed by translations of the subunits with
absolutely no rotations around their own z-axes (i.e.,
{(0ri)., i =1, ... N}).

The next problem is to find a set of independent,
infinitesimal, local or internal coordinates, in terms of
which gradients of the potential energy with respect to
either a subunit position or a subunit azimuthal orien-
tation around its own z-axis can be expressed, while
rigorously enforcing the necessary constraints. In ad-
dition, the resulting forces and torques should, for
computational convenience, be expressed in terms of the
unit vectors {fj, vj, uj; i = 1, ... N} in the laboratory
frame, the frame-to-frame Euler angles {aii+1, Bii+1,
yii+1}, and the bond lengths {b;, i = 1, ... N}. The
standard convention is adopted for the Euler rotation
i1 = (ai+1, Bii+1, Yii+1) that carries a coordinate
frame from coincidence with the ith frame to coincidence
with the (i + 1)th. Specifically, the rotations are
performed in succession, first by a;j+1 around z;, then
by fjj+1, around the new yj-axis of the rotated frame,
and finally by v;j;+1 around the still newer z;"-axis of
the rotated frame, which lies along zj+1.

The force on the ith bead is calculated as the negative
gradient of the potential energy with respect to (orj)c,
subject to the constraints that (1) all other bead positions
remained fixed, that is, {(drj))c = 0, j = i}, and (2) no
rotations of any subunit around its own z-axis take
place, that is, {0R;; = 0, j = 1, ... N}. When the ith
subunit is translated in such a way that the positions
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of the other beads remain fixed, it is generally required
that the coordinate frames of both the (i — 1)th and ith
subunits rotate (in the laboratory frame or in any other
stationary frame). In general, SRy i-1, ORy,i-1, dpi-1 and
also ORyi, ORyi, Ob; vary with (orj).. The three coordi-
nates comprising (or;). imply, and are implied by, either
triplet (ORyi-1, ORy,i—1, Obj-1) or (ORyi, ORyi, Obj); hence
each triplet specifies the other, and only one or the other
is actually independent. In computing gradients of any
particular term in the potential energy, it is permissible
to use either triplet of coordinates, though not both
simultaneously. In addition, the appropriate local
coordinate for rotation of the ith subunit around its own
z-axis is OR;i. Hence, the overall infinitesimal displace-
ment defined by (ori). plus 6R; can be expressed
completely by either (3R, dRyi, obi, ORz) or (ORy -1,
ORy,i-1, 0bi-1, ORz;). The local infinitesimal coordinates
within either quartet are completely independent of the
other coordinates in the same quartet.

Excluded Volume Forces. Since Ugy depends only
upon the relative positions of the beads and is indepen-
dent of any local angular coordinates, its gradient may
be evaluated directly to give?®

d ex
(Fex)i__ al'i

= 2—6(6/0)(0/rij)7[l — 2(olry)°It;  (A8)

1=

where rij = |ri — rj| and i = (ri — r)/|ri — rjl.
Stretching Forces. The displacement (dr;). causes

changes in bj—; and bj, soonly thej=i—1landj =i
terms in eq A5 contribute to the force on the ith subunit.
The gradient of the j =i — 1 term in Us is calculated

via (0bj-1/0r;)(d/dbi-1) while that of the j = i term is
calculated via (dbi/ar;)(d/db;). Hence, each contribution
is evaluated using one or the other of the independent
local coordinates, bj—; or bj. Using dbj—1/0r; = uj-; and
obi/dr; = —u;, one obtains?>32

(Fy), = —al—(b; = b)u; + (b;_; — b)u;_,]  (A9)

Bending Forces. The bending potential U, depends
only upon the angles between the zj-axes, or u; vectors,
of successive subunits. The displacement (dr;). causes
changes in two of the u;, namely, u;—; and u;, hence also
in Bi—2i-1, Bi—1i, and Biji+1, soonly the j =i —2,i -1,
and i terms in eq A2 contribute to the force on the ith
subunit. The change d8j-1; is dependent of either dR;;
or 0Rzj-1, as demonstrated explicitly by eq A18 below
and extensions thereof, so the constraint that {0R; =
0, j =1, ... N} is irrelevant for the evaluation of the
bending force. Upon making use of the relations

-1 _ (Ujy P _ (—)y;

- ; - (A10)
u;  sin(B_y)) oy sin(Bj_y))
and25,32
du;_, ou;
o (I = Ui u )/ y; o —(I = uuy/b;

(A11)

one obtains?®
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i+1 IPBj—1j OUj_1  IPj_1; 0y,
Fo)= —« - +
(") ﬁj=|z—lﬂl H ouj_, O au;  ar;
= —Kkgl+A — Ais + B — Biy] (A12)
where
A= Bija(Ujq — Uy cos(B;1))/b; sin(By14)
= B +1(F; cos(ay j+4) + Vv sin(ay14))/b;  (Al3)
and
B;= Bj_1(Uj_1 — u; cos(B;_1))/b; sin(Bj_y )

The first forms given for A; and B;j in eqs A13 and Al4
are the most convenient for simulating wormlike chains
in the absence of the force arising from the torsion
potential, since it is not required to evaluate the qj+1
and y;;+1 Euler angles in that case. However, since it
is necessary to evaluate the o;+1 and yjj+1 Euler angles
in order to calculate the forces arising from the torsion
potential, the second forms given for A; and Bj may be
more convenient in that case, since division by sin S j+1,
which may vanish, is not required for evaluation of those
expressions.

Forces Arising from the Torsion Potential. In
this derivation, we explicitly enforce the constraint { OR;;
=0, j =1, ... N}, while calculating the gradient of the
torsion potential U;. First, we note that

(Fo, = —0{P;2i-1(3(0 21 t Vi2i-1)/0ry) +
Pi1i(0(a_y; + g /o) +
Piira(0(i1 + 7iir)/or) b (ALD)

wherein

Pijit1 = (%501 T ¥jjrr — Do) (A16)
is the local twisting strain, and the subscript c denotes
the constraint. The constraints in eq Al15 can be
enforced by first expressing the 6(oj+1 + yjj+1) in terms
of the independent coordinate frame rotations, 0Ry -1,
ORy,i—1 or 0Ryi, ORy;, in the following way.

The rotations of the (i — 1)th and ith beads, due to
the translation (dr;)., cause variations in three frame-
to-frame Euler rotations, 0®i—3,i-1, 0Dj-1,i, and 0D; j+1,
which can be simply expressed in terms of the coordi-
nate frame rotations, 0Ryi-1, ORyi-1 Or ORi, ORy;. We
first consider rotating the jth subunit while holding the
(i — Dth fixed. For this case, the canonical small-angle
relations®® give

S .= —COS(Yj-1) Sin(y;_q)
1714 sinB_,;) Y sin(B_y)

0fj_1j = sin(yj_1;) OR,; + cos(yj_1 ;) OR,; (A18)

OR,; (A7)

_ COS(Vj—l,j) Cos(ﬁj—l,j)
Vi-1j = - OR; —
sin(Bj_y)
Sin(?’j—l,j) Cos(ﬂj—l,j)
sin(f;_1)

It is required to set dR;; = 0 in the third equation,
whenever the rotation arises as a consequence of (dr;j)c.

OR,; + OR, (A19)
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Next we consider rotating the jth subunit while holding
the (j + 1)th fixed. Then d®j is obtained by moving
backward along the chain from the (j + 1)th to the jth
subunit. One first obtains 0®j+1; = (0+1j, OPj+1,js
Oyj+1j) by settingj=jandj—1=j+ 1inegs 17—Al9.
Then 0®jj+1 is determined from 0®;1j according to the
relation 5(I)j,j+1 = ((3(Xj,j+1, Csﬁj,j-yl, (Sj/j,j+1) = (3q3j+1,j71 =
(—6yj+1,j, —(Sﬁﬁ.lyj, —6aj+1,j). This yields finally

Sa. . = €0S(0t511) COS(Bjj11)
i+l = ;
sin B4
sin(oy41) C0S(f;41)
sin B i1

OR,; — OR, (A20)

—c0s(0j11) sin(oj44)
[ — —— TSR (A22)
b sin(B;+1) A sin(B; j11) 7
Now, 0®j_, i1 is obtained from eqs A17—A19 by setting
j=i—1landj—1=i- 2,and 6®j;;; is obtained from

eqs A20—A22 by settingj=iandj+ 1 =i+ 1. Finally,
O0®;_1,i is obtained as the sum of two contributions,
namely, (1) the case when the ith subunit rotates while
the (i — 1)th is held fixed, and (2) the case when the (i
— 1)th bead rotates while the ith remains fixed. The
first contribution (1) is obtained from egqs A17—A19 by

setting j = iand j — 1 =i — 1, while the second
contribution (2) is obtained from eqs A20—A22 by
setting j =i — 1, j + 1 = i. In this way, each

contribution to 0®j_2i—1, 0Pi1 i, and 0D; j+1 is expressed
exclusively in terms of one or the other set of indepen-
dent infinitesimal local coordinates, namely, 0Ryi, ORy;
or ORy,i-1, ORyi—1. After summing the appropriate pairs
of contributions, one obtains (with {0R;; =0, j =1, ...

N}):
O(Ai—pi—g T Viezi-1) =
(1- Cos(ﬂifz,ifl))l
sin(Bi_zi-1) \

—COS(Yi—pi—1) ORyj—1 T
SiN(yi—zi-1) éRy,i—l) (A23)

(i1 T Vijird) =
(1 — cos(Bi 1)

(—cos(ai41) OR,; — sin(a i11) ORy;)

sin(B;i+1)
(A24)
Oy T Vieri) =
(1 — cos(Bi_14)

sinB;_1) (—cos(yi-1,)) ORy; + sin(yi_y ;) ORy; —
Cos(ai—l,i) 6Rx,i—l - Sin((li_lvi) 6Ry,i—1) (A25)

In order to evaluate the gradients (9(aj+1 + 7j,j+1)/0ri)c
from eqgs A23—AZ25, it is first necessary to make use of
the relation between the changes in the unit vectors,
ofj, ovj, du;, and ORyj, ORy; (holding 0R;; = 0). In general,
for small rotations,

of; = —0R,; u; + R, v; (A26)
ov; = —ORy T, + 0R, U, (A27)

Equation A28 yields
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(OR;/3r;) = —v;+(du,/ar;) (A29)
(0Ryj-1/01;) = —V;_1*(0U;_,/9ry) (A30)
(OR/0r;) = f-(duifor,) (A31)
(0Ry;-1/01;) = f;_;-(9u;_4/0r) (A32)

The gradients du;/dr; and dui—1/dr; are given by eqs A11l.
Now, after making use of eqs A29—A32, All, and the
relation, (1 — cos(Bi-1,i))/sin(Bi-1,i) = tan(Bi-1,i/2), in eqs
A23—A25, which are in turn substituted into eq A15,
and collecting terms, one obtains

(Ft)i =906 — xi-1) (A33)
wherein
xXi= Pi,i+1m(ﬂt;4/2)[cos(ai,i+1) Vi = sin(o . )fi] +
Pifl,iW[COS(%fl,i) Vi tsin(yi_)fi] (A34)

Equations A33 and A34 for the force arising from the
torsion potential can be proved to be completely equiva-
lent to the result of Chirico and Langowski.2> However,
the present formulas are considerably simpler and
computationally more convenient, since there are no
potentially vanishing denominators with which to con-
tend.

The present derivation of (Fy); appears to be rigorously
correct. It improves on the treatment of Chirico and
Langowski in three main respects. First, the question
of which variables constitute a proper set of independent
coordinates is clarified substantially. As shown by
Chirico and Langowski, the subunit z-axis rotations
{0R;j, j =1, ... N} are neither necessarily nor automati-
cally independent of the subunit translations {drj, j =
1, ... N}. Consequently, the independence of such
coordinates was assumed in that work. In fact, the
infinitesimal subunit z-axis rotations {0R, j = 1, ... N}
are independent of the subunit translations {(Jrj).; j =
1, ... N} only when the rotations of the coordinate frames
in response to such translations are carried out in such
away that {0R;; =0, j =1, ... N}. Despite the absence
of any subunit z-axis rotations during the infinitesimal
subunit translations, the resulting change in writhe
must be compensated by a change of opposite sign in
the total twist, t = YL (0;;1; + 7iir2). This demon-
strates clearly that the frame-to-frame twists, ¢ji+1 =
oii+1 T yii+1, nNecessarily change as a consequence of
subunit translations, even when the subunits them-
selves do not rotate around their own z-axes. Second,
the constraints {0R; = 0, j = 1, ... N} are explicitly
enforced from the outset, when calculating the gradient
of U; with respect to (orj).. In contrast, Chirico and
Langowski implicitly enforced the same constraint of
no z-axis subunit rotations by applying the last two of
their egs 4 in the final step of their gradient calculation,
so they obtained the same (correct) result, albeit in a
somewhat different form. Though intuitively reason-
able, it was not entirely clear whether those constraints
applied as well to all other steps in gradient calculation,
or only to the final step. The present treatment proves
the validity of the procedure adopted by Chirico and
Langowski. Third, the expression in eq A34 is consider-
ably simpler than that of Chirico and Langowski?® and
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more convenient for numerical computation since it
contains no potentially vanishing factors in the denomi-
nator.

It is apparent from eqs A33 and A34 that the forces
arising from the torsion potential all vanish for straight
chains, for which the bending angles all vanish {ii+1
=0,i=1,... N}, regardless of the local torsional strains
{dii+1 + yii+1 — ¢o; | = 1, ... N}. They also vanish,
whenever the local torsional strains all vanish, regard-
less of the local bending angles. In fact, this force causes
bent segments to writhe in the presence of uniform
torsional strains, and to undergo crankshaft motions in
the presence of nonuniform torsional strains.

Torques Arising from the Torsion Potential.
The torque on the ith subunit is calculated by taking
the gradient of the torsion potential with respect to 0R;;
while holding (6R,j = 0 = 0Ry; = dbj; j = 1, ... N):

(TYi = =9 (Pi—1i(0(ati—qi T Vi1 )/OR)g +
Pii+1(0( i1 T 7iir1)/0R,)q) (A35)

where the subscript d denotes the constraint (6R,; = 0
= 0Ry; = 0bj) and the P;j ;.1 are given by eq A9. Use of
egs Al7 and A19 in the first term and egqs A20 and A22
in the second term yields simply

(Ti = —9(_1; T Viei — @41 T Viie)) =
9(ii+1 — di—1.) (A36)

in agreement with previous works.1:28:39

Appendix B. Normal Mode Theory for the
Bending Dynamics of Weakly Bending Circular
Chains

A normal mode theory developed previously for the
bending dynamics of linear chains*! is here extended
to encompass circular molecules. The model filament
consists of N identical spherical beads, whose centers
are connected by N bond vectors of fixed length b that
sum to zero. The beads are labeled by the index, j, j =
1, ... N, and the bond vector b; extends from the jth to
(i + 1)th bead. Between each pair of successive beads
is a Hookean bending spring that acts to straighten the
chain. A coordinate frame is fixed in the molecule in
the following way. First, we note that the instantaneous
shape of the ring is defined by the instantaneous
configuration of the array of bond vectors, which may
be regarded as a slightly deformed polygon. We then
imagine that a perfect planar polygon with the same
number of bond vectors (chords) of the same length (b)
is least-squares fitted to the actual configuration of bond
vectors. This best-fit perfect planar polygon is the
reference configuration. Each bond vector of the refer-
ence polygon subtends an angle 6o = 2x2/N and corre-
sponds to a particular bond vector of the actual de-
formed polygon. The origin is taken at the center of the
reference polygon. The molecular z-axis is taken along
the j = 1 bond vector of the reference polygon, while
the molecular x-axis is taken to be the inwardly directed
normal to that bond vector in the plane of the reference
polygon. The molecular y-axis is taken normal to the
plane of the reference polygon, such that X, ¥, Z form a
right-handed coordinate system. Each bead is assumed
to undergo motions in the y-direction normal to the
plane of the reference polygon, as well as motions along
the radial line defined by the center of the reference
polygon and the particular vertex corresponding to the
bead in question. That radial line has unit vector f; =
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(—)cos((j — 3/2)0p)x + sin((j — 3/2)0p)z. Changes in the
interbead distances as a consequence of these out-of-
plane y-motions and in-plane radial motions are ignored.
In addition to the two deformational motions just
described, each bead may also undergo an in-plane
motion perpendicular to its radius, but all beads must
undergo such a motion simultaneously with the same
sign and amplitude, so as not to extend or contract the
filament. This corresponds to uniform rigid-body rota-
tion of the circular filament around its symmetry axis
and is treated separately. It is worthwhile to catalogue
the uniform rigid-body motions for further reference.
Besides uniform rotation around the symmetry axis,
there will also be uniform in-plane translations in the
X and z directions. In addition, there will be uniform
out-of-plane translation in the y direction, as well as
rotations around the in-plane axes, X and 2, which
displace subunits out-of-plane in the y direction.

The bending potential energy is given by

N
U, = k2)S B is? (B1)
b K/} JZ jjt+1

where fjj+1 = arccos(Qj-0j+1) and (; = by/b is a unit
vector along the jth bond vector. The first objective is
to express the potential energy in terms of the small
bead displacements that are involved in deformations
of the ring. Each actual bond vector has projections on
X, ¥, and 2, and these are derived in the following way.
First, we consider the projection of the nth actual bond
vector onto the xz, or reference, plane. The angles of
all vectors in the reference plane are measured with
respect to 2, which is parallel to the j = 1 vector of the
reference polygon. Let &, denote the angle between the
projection of the nth actual bond vector (onto the
reference plane) and the nth bond vector of the reference
polygon. When there are no deformations in the xz
plane, then &, = 0 for all n. With this definition of &,
the angle o, between the projection of the nth bond
vector (onto the reference plane) and 2 is

On = gn + (n - 1)00 (BZ)
We now define:

An = Opt1 — On = §n+1 - gn + 90 (83)
which is the angle between the projections of the nth
and (n + 1)th bond vectors onto the plane. For small
out-of-plane deformations, the projection of the nth
actual bond vector onto the plane is Nyb((sin on)X + (cos
on)2), and the unit vector u, along the actual bond vector

is given by

U, = Np((b sin 0)X + (Vi1 = Yn)Y + (b cOs 0,)2)
(B4)

where Np is the normalization factor. Keeping just the
lowest order correction term, one has

Ny = (0% + (pss — Vo)) 2 =
(D)L = (1) (Y1 — YD) (BS)

Now, we note that to the same order,
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€OS f-10= Up—1°Up
= [sin o, sin o,,_; + cos o, oS 0,,_;] %
[1 = ()2 = Yo)D)* =
() (Y = Yn-1)/D)] +
Wnis = Yn)¥n — Yn-0)/b” (B6)

Upon making use of the trigonometric identities,

sin o,,_; = sin(o,, — A,_;) = sin g, cos(—A,_;) +
cos o, sin(—A,,_;) (B7)

cos o,_, = cos(o,, — A,_;) = €0S g, COS(—A,_;) —
sin o, sin(—A,,_;) (B8)

there results
€0S -1 = COS(—A, ;) X
[1 = (L2%)(Vnes = Yo)* + (U — Vo) +
(L0%)Yns1 = Yn) Vo — Yn-1) (B9)

Provided the in-plane and out-of-plane displacements
are sufficiently small, cos fn-1n = 1 — (*/2)Bn-1n% and
cos(—An-1) = 1 — (M2)An-12, so one obtains finally

Ianl,n2 = Anflz + (1/b2)(Yn+12 + 4Yn2 + Ynfl2 -
4Yn11Yn — Yn-1Yn T 2Yn-1Yn+1) (B10O)

Upon making use of eq B3 and summing over n, one
obtains after some rearrangement of terms in the sum:

N N
ﬁn—l,n2 = NGO2 + (§n+1 - fn)z + (1/b2) X
n= n=
N

(6Yn = YY1~ WY1 T YoYn 2 T YaYni2)
pA
(B11)

If the radial displacement r, of each bead is measured
from its corresponding vertex in the perfect planar
polygon, with positive displacements taken inward, then
the angle between the projection of the actual bond
vector on the xz plane and the corresponding bond vector
of the reference configuration is

&, = (rpyq €0s(04/2) — r, cos(6,/2))/b  (B12)

= (rn+l - rn)/b
to the lowest order. Then

(Eni1 — gn)2 = (rn+12 + 4rn2 + rnflz +2r g —
4rr._, — 4r.r,.)/b% (B13)

and after some rearrangement of terms,

N N

(Enir — &7 = (1B

n= n=

(6r.>—4rr,_, —4rr..,+

rnrn—2 + rnrnJrz) (814)

Finally, by using egs B11 and B14, the bending potential
energy can be written as

U, = (ks2)(NO,” +y' Dy +r' D)

wherein the N x N martrix D is now given by

(B15)
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6 41 0 0 O 1 -4
~46 —-41 0 0 0 1
1 —-46 —41 0 .. 0 0
D=0 1 -46 —-41. .. 0 0
0 0 . . ..1-46 —-41
1 0 01 —-46 -4
-4 1 00 1 -46
(B16)

which is just the circulant form of the corresponding
matrix for the linear chain,*! and y denotes an N x 1
vector with elements (yi, Y2, ... yn) and r denotes an N
x 1 vector with elements (ry, ry, ... rn). The first term
on the rhs of eq 15 is just the minimum bending energy
required to circularize the chain. The second two terms
are analogous to those for transverse displacements of
a linear chain.
Following the previous development, the N x 1 vector
of y-forces on the beads is found to be
F,= —(k/b°) Dy (B17)
where Fy = (Fy1, Fy2, ... Fyn), and the Langevin equation
for motion of the beads in the y-direction becomes?*!

(B18)

where H = 1 + Ty is the N x N hydrodynamic
interaction matrix, and Ey(t) is the N x 1 vector of
fluctuating Brownian forces in the y-direction on the
respective beads, m is the bead mass, f = 6an(b/2) =
(LkgT)/SodT [Ey(0) Eyj(r)Tis the friction factor on a
single bead, and 7 is the solvent viscosity. Hydrody-
namic interactions are incorporated using the tensor of
Rotne and Prager3® and Yamakawa,?* which gives (for
I = m):

my + fy + (k,/b%) HD y = E(1)

3a oA 28’1 o -
Tlm = 4le 1+ RImRIm + R_|2m(§ - RImRIm)] (Blg)

where a = b/2 is the bead radius, and Rim = (1 — rm)/
|ry — rm| is the unit vector from the Ith to the mth bead.
For the purpose of calculating hydrodynamic interaction
matrix elements, the bead positions are preset at the
corresponding vertices of the perfect planar polygon;
hence Rim = 2R sin(6o|l — m|/2) = 2a sin(z|l — m|/N)/
sin(xr/N), wherein R; = a/sin(60/2) = a/sin(a/N) is the
radius of the circle that just circumscribes the polygon.
For the y-motions, the hydrodynamic interaction matrix
elements become

Him = O +

3 sin(@/N) 1 sin®(#/N)
s—————||11+=
8 sin(z|l — m|/N) 6 sin?(z|l — m|/N)
(B20)
In this work we do not explicitly treat the r-motions.
Instead, we assume that those in-plane bending defor-
mations yield mean-squared angular displacements of
the bond vectors in the reference plane that are identical
to the out-of-plane mean-squared angular displacements
caused by deformations in the y-direction. This as-
sumption is partially justified by the fact that the same
force constant matrix D applies to both motions and by
the fact that the hydrodynamic interactions are also
very similar for closely neighboring beads, where such
interactions are strongest. However, the hydrodynamic

m

(1 - 6Im)
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interactions of the two motions differ substantially for
beads on opposite sides of the ring. Treatment of the
r-motions would be rather approximate in any case, due
to the nonparallel nature of those radial motions.
Although such nonparallel motion does not affect the
bending potential to first order in 6o, it does cause local
extension or contraction of the contour to first order in
the r-displacements. In contrast, the y-motions extend
or contract the contour only to second-order in the
y-displacements. Thus, if longitudinal stretching/
compression springs were included in this normal mode
theory, small r-displacements would be more strongly
resisted than small y-displacements. In this normal
mode theory, no account is taken of forces on the beads
that arise either from contour stretching or from the
torsion potential (as derived in Appendix A). Because
the entire normal mode theory for circular molecules is
approximate in that sense, and because its primary
purpose is to provide a sufficiently simple result to use
in iterative data fitting, we elected to avoid the compli-
cations inherent in any accurate treatment of the
r-motion simply by assuming that both r- and y-
deformational motions yield the same mean-squared
angular displacements of the bond vectors at all times.

The HD dynamical matrix in eq B18 is constructed
using egs B16 and B20 and diagonalized by similarity
transformation, as described previously in the case of
the linear chain. A significant new feature in the case
of the circular chain is that HD (or D alone) has only
one zero eigenvalue, corresponding to uniform transla-
tion in the y-direction. In the case of the linear chain a
second zero eigenvalue, corresponding to a shear, or
nascent rotational, motion was encountered, but that
is absent in the case of the circle. In fact, there should
be two rigid-body rotations of the ring around orthogonal
axes that lie in the reference plane. The out-of-plane
mean-squared angular displacements of the bond vec-
tors due to those uniform rotations will be simply
superimposed in this theory at a later stage. The point
is that in reality there are three out-of-plane uniform
rigid-body motions, namely, one translation and two
rotations. Likewise, there are three-in-plane rigid-body
motions, namely, two translations along orthogonal in-
plane axes and rotation around the symmetry axis of
the circle. As none of the translations contribute to bond
vector reorientations, those will be ignored. The in-
plane mean-squared angular displacements of the bond
vectors due to rotation around the symmetry axis will
also be superposed at a later stage. Thus in the case of
the circle, only the nonzero eigenvalues and eigenvectors
of the HD matrix, which correspond to the bending
deformations, are actually used together with the
contributions of the superposed uniform rotations to
evaluate the relevant mean-squared angular displace-
ments of the bond vectors.

Contributions of the out-of-plane bending normal
modes to the mean-squared angular displacements of a
given bond vector are computed in the same manner as
done previously for linear chains. Since all subunits are
completely equivalent, it suffices to do this for the b;
bond vector. The mean-squared angular displacement
of that bond vector around its transverse in-plane axis,
which corresponds to the molecular x-axis, is given by*!

N
(A ()*0= 2Dt + 2(b/P);(sz. —- S —e"T

(B21)
wherein P is the dynamic persistence length, 1/T) = kgAy/
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b2f is the decay rate of the Ith normal mode, f is the
subunit friction factor, A is the Ith eigenvalue of the
HD matrix, and S;; is the element of the matrix S that
diagonalizes HD by similarity transformation:

(571 HD S);,, = A0 (B22)

S;ji is the projection of the Ith normal mode onto the jth
subunit. The eigenvalues A, and right eigenvector
elements S, j = 1, ... N, are determined in precisely
the same manner as done for the linear chain.* The
diffusion coefficient, Dy, for uniform rotation around the
in-plane z-axis is calculated for the perfect planar
polygon by using the results of Yamakawa and Ya-
maki.*¢ The mean-squared angular displacement of the
b, bond vector around its transverse out-of-plane axis,
which coincides with the molecular y-axis, is similarly
given by

N
A, (t)’C= 2Dt + 2(b/P);(SZ| —S)’@—em

(B23)

where Dy is the diffusion coefficient for uniform rotation
of the circular filament around its symmetry axis (9).
D, is also calculated for the perfect planar polygon using
the results of Yamakawa and Yamaki.*®

In the event that Dy = Dy, which is the case for our
small circular filament, one has [A(t)?C= Ay (t)?0and
the condition for mean local cylindrical symmetry is
approximately satisfied for the bond vector b;, whose
local “symmetry” axis is parallel to 2, but perpendicular
to the symmetry axis of the circle (i.e., ¥). This is what
allows us to treat the rotational motions of each bond
vector using the formulation developed for filaments
with mean local cylindrical symmetry by taking the
local symmetry axis, zj, along the corresponding bond
vector b;. As argued above, the bend in the line of bond
vectors has only a slight effect on the local dynamics,
which is then neglected under the assumptions made
here.
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